Oxides of transition metals with orbital degeneracy are on the focus of attention of researchers. "Orbital physics" [1] appeared as a new field in the solid state physics that describes the unusual properties of these materials taking into account features caused by orbital degeneracy (orbital structure, Jahn-Teller effect, orbitally dependent exchange interaction). Per ovskite oxides RMO 3 (where R = Y, La and other trivalent rare earth ions and M is a 3d ion) are typical objects for this field. Titanates RTiO 3 belonging to this class of compounds seem to be key materials for the study of the strong coupling of the lattice, spin, and orbital degrees of freedom.
 1 
INTRODUCTION
Oxides of transition metals with orbital degeneracy are on the focus of attention of researchers. "Orbital physics" [1] appeared as a new field in the solid state physics that describes the unusual properties of these materials taking into account features caused by orbital degeneracy (orbital structure, Jahn-Teller effect, orbitally dependent exchange interaction). Per ovskite oxides RMO 3 (where R = Y, La and other trivalent rare earth ions and M is a 3d ion) are typical objects for this field. Titanates RTiO 3 belonging to this class of compounds seem to be key materials for the study of the strong coupling of the lattice, spin, and orbital degrees of freedom.
Titanates with one d electron in the t 2g shell are convenient objects for answer to the questions: whether a static orbital structure [2, 3] exists in the titanium sublattice or the orbital liquid state is imple mented [4, 5] , what is the role of Jahn-Teller distor tions, why LaTiO 3 is a G type antiferromagnet with T N = 140 K [6] , whereas isostructural YTiO 3 [7] is a ferromagnet with T C = 25 K.
The first attempt to clarify the microscopic nature of the unusual properties of titanates was made by Khalliullin and Maekawa [4] . They proposed the orbital liquid model that explains the reduction of the magnetic moment of titanium of about 0.5μ B in LaTiO 3 [5] and an isotropic spectrum of spin waves [8] . However, the model contradicts the NMR experimen tal results for 47, 49 Ti [9] , some calculations in the crys tal field model [3, 10] , and band calculations [11] . The results of calculations show that the ground level of the Ti 3+ ion is an orbital singlet separated from the 1 The article is based on a preliminary report delivered at the 36th
Conference on Low Temperature Physics (St. Petersburg, July 2-6, 2012).
exciting level by a gap of about 0.12-0.25 eV, which is too wide for the appearance of orbital fluctuations. Nevertheless, Raman experiments [12] indicate the presence of orbital fluctuations in the ground state. Thus, the role of orbital fluctuations in titanates is incompletely clear. The orbital structure determines the type and code of the magnetic order in titanate crystals [3, 10] . Orbital fluctuations can change the code of the mag netic structure [10] . The type and code of the mag netic structure are responsible for the magnitude and direction of the induced magnetic field on the nuclei of La and Y diamagnetic cations detected in the NMR experiments [13] .
The NMR experiments on the 47,49 Ti nuclei allow the detection of the local orbital order, whereas NMR on 139 La( 89 Y) depends on the entire picture of the orbital and magnetic orders. For this reason, investiga tion of hyperfine fields on La and Y nuclei can provide a more complete picture of the orbital and magnetic orders in titanates.
In this work, the magnetic fields induced on the La and Y nuclei in LaTiO 3 and YTiO 3 , respectively, are calculated. The dependence of these fields on the crys tal, orbital, and magnetic structures of the compounds under study is analyzed. Comparison with the known experimental data is performed.
HYPERFINE FIELDS IN TITANATES AND THEIR RELATION TO THE CRYSTAL, ORBITAL, AND MAGNETIC STRUCTURES
The problem of the calculation of hyperfine fields induced on the nuclei of nonmagnetic ions in mag netic materials is solved for a long time using various methods [14, 15] . This problem in application to titanates is still topical because there are no theoretical works concerning the calculation of induced hyperfine fields in these compounds. The interatomic hybridization of d electrons in titanium and s and p electrons in lanthanum and yttrium determines the dependence of the hyperfine field on the nucleus of a chosen ion on the distribution of spins and the orientations of orbitals on ions at the neighboring sites of the crystal lattices, i.e., on the crystal, spin, and orbital structures of the material under study. As a result, the form of hyperfine fields depends strongly on a particular type of these struc tures. According to the crystal structure, titanates belong to the so called quasi cubic perovskites. Figure 1 shows the crystal unit cell of titanates, which is assumed cubic in the first approximation. In this approximation, Ti 3+ Jahn-Teller ions (3d 1 configura tion) located at the vertices of the cube are in equiva lent positions. They correspond to a triply degenerate orbital state with the wavefunctions ξ, η, and ζ with the yz, xz, and xy symmetries, respectively.
Titanates at low temperatures have a distorted orthorhombic structure [16, 17] because of distortions of oxygen octahedra (displacements of oxygen ions), as well as the displacements of La or Y ions (Pnma space group). Owing to the distortion of the crystal structure of titanates, the states of Ti ions at sites 1, 2, 3, and 4 are nonequivalent and are trans ferred to each other under the action of Pnma symme try operation (Fig. 1) . The wavefunctions of the ground states of Ti 3+ ions in different positions (Pnma) calculated in [10, 18] are given by the expressions
The magnetic structure of titanates is also four sublattice. It appeared that, instead of average spins of sublattices S 1 , S 2 , S 3 , and S 4 , it is convenient to per form particular calculations with their linear combi nations expressed in terms of the vectors of magnetic structures:
In particular, the components of hyperfine fields on 139 La and 89 Y nuclei are conveniently expressed in terms of the components of the vectors F, C, A, and G as (3) where a αβ , g αβ , c αβ , and f αβ are the hyperfine coupling constants, which are tensors whose symmetry is deter mined by the symmetry of the environment of the nucleus under consideration. The position of a lantha num ion is described by the point symmetry group C s . For this reason, in the orthorhombic coordinate sys tem, the tensors a αβ , g αβ , c αβ , and f αβ have the form The aim of this work is to calculate the components of the tensors a αβ , g αβ , c αβ , and f αβ for nonmagnetic ions Y and La in titanates.
To calculate them, it is necessary to take into account the hybridization of the wavefunctions of filled s and p shells of Y and La ions (χ S , χ 0 , χ ±1 ) with the wavefunctions of the unfilled d shell of Ti ions
) from the local environment of yttrium and lanthanum.
According to the molecular orbital method, which is usually used to calculate wavefunctions for a pair of ions taking into account interatomic hybridization, the desired functions can be represented in the form (5) The molecular orbitals are constructed taking into account symmetry reasons and the so called "bonding rules," according to which s and states form an s bond, p z and states form a σ bond, and p x (p y ) and
states form a π bond (Fig. 2) . A bond is char acterized by the overlapping integrals (λ S , λ σ , λ π ). The explicit expressions for the overlapping integrals between the radial wavefunctions of 5s and 5p elec trons of La 3+ [19] , 4s and 4p electrons of Y
3+
, and 3d electrons of Ti 3+ [20] are obtained by the method pro posed in [21] . (6) where r is the operator of the coordinates of an elec tron in the coordinate system with the origin at the point of the nucleus I, s is the electron spin operator, and A is the hyperfine interaction operator given by the expression (7) Here, (8) are the weighted spherical harmonics, where ϑ and φ are the angular coordinates, Y kq (ϑ, φ) are the spherical harmonics, and the parameters are closely related to the crystal and orbital structures of titanates and are determined from the condition (9) where is the Hamiltonian of the magnetic hyperfine interaction [13] given by the expression (10) Hamiltonian (6) is represented in the local coordinate system with the z axis oriented along the La(Y)-Ti bond. The analysis of the crystal structure shows that the angles between this bond and the z and x axes are θ and ϕ, respectively. Magnetic titanium ions that con tribute to the hyperfine field on the nucleus of a lan thanum or yttrium nonmagnetic ion are located at the sites of four sublattices (Fig. 1) . The orbitals of each of four sublattices are specifically ordered, which affects the hyperfine fields of nonmagnetic ions.
Formulas (6)- (10) provide the following expres sions for the isotropic and anisotropic magnetic hyperfine coupling constants: 
The ranks of the spherical harmonics are limited because we consider a d electron. In Eqs. (11) and (12), ψ Ti are the wavefunctions of the orbital states of titanium ions in LaTiO 3 and YTiO 3 given by Eqs. (1), and a S , a σ , and a π are the isotropic and anisotropic hyperfine coupling constants associated with the hybridization of the s, p σ , and p π shells, respectively, of La or Y ions with the d shell of the Ti ion (Fig. 2) . The isotropic hyperfine coupling constant is (13) where is the contribution to a S from a single 4s electron of the Y ion and a 5s electron of La.
The anisotropic hyperfine coupling constants are (14) where is the contribution to a σ and a π from a single 4p elec tron of Y and a 5p electron of La.
Formulas (11) and (12), inclusion of the rotation of the La(Y)-Ti bond by angles (θ, ϕ), and inclusion of contributions to the hyperfine interaction on the nuclei of La and Y nonmagnetic ions from eight near est magnetic Ti ions make it possible to represent the spin Hamiltonian of the local magnetic hyperfine fields induced on 139 La and 89 Y given by Eq. (6) in the form
Here, A is and A an are given by Eqs. (11) and (12), respectively, the index n means that summation is per formed over the nearest magnetic neighbors surround ing the nonmagnetic ion, and S n is the average value of the spins of sublattices. The expression for the induced magnetic hyperfine field given by Eq. (3) is obtained after the transition from S n to the magnetic structure vectors F, C, A, and G.
RESULTS AND DISCUSSION
Using the scheme for the calculation of hyperfine fields induced on the nuclei of nonmagnetic lantha num and yttrium ions in LaTiO 3 and YTiO 3 , respec tively, we calculate the components of magnetic hyperfine interaction tensors a αβ , g αβ , c αβ , and f αβ given by Eqs. (4) taking into account the effect of the crystal, orbital, and magnetic structures of titanates.
The spin Hamiltonian of induced magnetic hyper fine fields calculated in the work depends only on three parameters a S , a σ , and a π . The set of the param eters a S , a σ , and a π were estimated by comparing the experimental spectrum [13] , as well as using Eqs. (14) and (15) and atomic wavefunctions of the ions [19, 20] involved in the hyperfine interaction. The comparative analysis of the results indicates that the microscopic calculations with the use of atomic wavefunctions underestimate the parameters a S , a σ , and a π as com pared to the estimate from the comparison with the experimental spectrum. However, a S /a σ = a S /a π = 0.1.
The group theory analysis of the magnetic struc ture for crystals with space group Pnma gives the fol lowing possible types of magnetic structures:
, and (C x , G y , F z ) [22] . The magnetic structures for lanthanum and yttrium titan ates for the static orbital state and state with strong orbital fluctuations were determined in [10] . The cal culations show that the magnetic structure of LaTiO 3 and YTiO 3 in the orbital order state has the code (A x , F y , G z ). The magnetic structure of LaTiO 3 and YTiO 3 in the state with strong orbital fluctuations has the codes (G x , C y , A z ) and (F x , A y , C z ), respectively. The largest contribution in both states of lanthanum and yttrium titanates comes from the G and F components, respec tively. Thus, the analysis of the code of the magnetic structure of magnets can distinguish the static orbital state and the state with strong orbital fluctuations, which is manifested in nuclear magnetic resonance.
In the orbital order state, according to the magnetic structure (A x , F y , G z ) , only the component of the induced hyperfine field given by Eq. (3) that is directed along the orthorhombic b axis (y axis in Fig. 1 ) is non zero:
The analysis of the calculations of induced hyperfine fields shows that the isotropic hyperfine field for both LaTiO 3 and YTiO 3 is determined only by the F compo nent. The other components do not contribute to the isotropic hyperfine field owing to the symmetry of nonmagnetic ions (La and Y). The contribution of the F y component for LaTiO 3 is small (≈0.006). For this reason, the contribution from the isotropic hyperfine field is almost zero in agreement with the experiment [13] . However, there is a contribution from the aniso tropic hyperfine field, where the contribution of the G z component, which is the main contribution for anti ferromagnetic LaTiO 3 , is approximately 0.999. Conse quently, a nonzero local hyperfine magnetic field hav ing anisotropic nature appears on the nucleus of the La ion. The hyperfine field induced on the nucleus of the nonmagnetic Y ion in YTiO 3 has isotropic nature because the contribution from the F y component determining the isotropic hyperfine field dominates in the formation of the static magnetic structure (≈0.993). The anisotropic hyperfine interaction makes an additional contribution to the hyperfine field on the 89 Y nucleus because of the mixing of the contributions from the A x component (≈0.115) and G z component (≈0.008) of the magnetic field.
In the state with strong orbital fluctuations, accord ing to the type of the magnetic structure in LaTiO 3 , only the H y component of the induced hyperfine mag netic structure is nonzero:
According to the code of the magnetic structure in YTiO 3 , only the H x and H z components of the induced hyperfine magnetic field are nonzero
The analysis of the calculations shows that the isotro pic hyperfine field for LaTiO 3 The discussed features of the hyperfine magnetic fields induced on the nuclei of nonmagnetic La and Y ions in the LaTiO 3 and YTiO 3 compounds in the orbital order state and the state with strong orbital fluctua tions affect the behavior of NMR frequencies, which is qualitatively different in these orbital states, which can be observed in NMR on single crystals. Experimental works on NMR in titanates on the nuclei of nonmag netic ions in single crystals are absent. However, NMR experiments were performed on polycrystalline sam ples [13, 23] .
Case of LaTiO 3 . The calculation of the parameters of nuclear quadrupole interaction and magnetic fields induced on the lanthanum ion makes it possible to plot the NMR spectrum of the lanthanum ion (Fig. 3) . In the absence of external magnetic field, the spectrum consists of two lines centered at the frequencies of 7 and 11 MHz in agreement with the experimental spec trum obtained in [13] . The position and shape of the NMR spectral line on the nucleus of the nonmagnetic lanthanum ion, where the nucleus has the spin I = 7/2, are determined by the electric quadrupole and mag netic hyperfine interactions. The nonzero magnetic field induced on lanthanum, which is no more than 1 kOe in the absence of external magnetic field, leads to the broadening of lines and a complex shape of the 7 MHz spectral line, where the peak is split.
Case of YTiO 3 . The inverse situation is observed in yttrium titanate [13] . The ferromagnetic structure of the compound leads to a strong increase in the compo nent of the induced magnetic field associated with the polarization of the s shell of yttrium. Its magnitude is approximately estimated as 7 kOe (cf. an experimental value of 10.3 kOe). The component of the magnetic field induced on the yttrium ion associated with the polarization of the p shells has the opposite sign and its magnitude does not exceed 1 kOe. A change in the induced magnetic fields leads to a significant shift of 
CONCLUSIONS
The spin Hamiltonian of the magnetic hyperfine interaction depending only on three parameters a S , a σ , and a π has been obtained, the magnetic fields induced on the nuclei of nonmagnetic lanthanum and yttrium ions in the LaTiO 3 and YTiO 3 compounds have been calculated, and the dependences on the crystal, orbital, and magnetic structures have been analyzed. The analysis of the experimental and calculated data shows that the known NMR experiments on 139 La and 89 Y nuclei in polycrystals confirm the existence of the static orbital structure in lanthanum and yttrium titan ates. Experiments on single crystals can provide infor mation on small magnetization components that are involved in the formation of the magnetic structure of titanates, which is in turn due to the orbital structure. 
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